Regularization methods for the inverse problem face important challenges during atrial fibrillation (AF), so any a priori information available during the electrophysiological study may improve the solution. We propose a Tikhonov-based inverse problem formulation that incorporates extra information provided by noisy intracavitary measurements near the endocardium. Since we introduced two different sources of information (Tikhonov estimation and a priori measurements), two regularization parameters must be tuned using a generalized L-Curve method. Performance of this method is studied using several timebased metrics proposed in previous works. The method proposed improved estimations accuracy in sinus rhythm, simple and complex AF models.
Introduction
Atrial fibrillation (AF) is the most common type of arrhythmia found in clinical practice, and it affects more than 33 million patients in the world [2] . Furthermore, this pathology is associated to an increased risk of embolism, cardiac failure and mortality [3] . To restore sinus rhythm, ablation techniques based on the isolation of AF sources have been proposed as a successful approach [4] , and several works have developed new strategies for locating these AF drivers [5, 6] .
Due to the spatio-temporal limitations of classical ECG, electrocardiographic imaging (ECGI) allows to effectively reconstruct the electrophysiological activity on the heart surface from non-invasive-recorded body surface potentials (BSP) [7, 8] . However, the inverse problem in ECGI is ill-posed, and it is necessary to apply regularization methods to obtain realistic solutions [9, 10] . Our hypothesis is that any a priori information available during the electrophysiological study may improve the estimation of electrical activity on the heart. In this work, we propose a Tikhonov-based inverse problem formulation that incorporates noisy intracavitary measurements near endocardium, in order to compare its performance with BSP classical Tikhonov regularization techniques.
The remaining of the paper is organized as follows. In Section 2.1 we introduce the computational model used for this study, the Tikhonov-based regularization techniques, and the performance metrics. Final results are summarized in Section 3 and ins Section 4 main conclusions are presented.
Methods

Computerized Models
Forward problem is simulated using realistic computational models of both atria (N=2039 nodes) and torso (M=659 nodes), to simulate the associated BSP using boundary element method. Sinus rhythm and AF patterns are both simulated, from which the epicardial distribution of potentials are calculated applying Tikhonov-based regularization methods. Simulated BSP are referenced to the Wilson Terminal Center, corrupted with additive Gaussian noise (SNR= 20 dB) and filtered using a 4 th -order bandpass Butterworth filter (fc 1 =3 Hz and fc 2 =30Hz for AF models, fc 1 =0 Hz and fc 2 =30Hz for SR) [1, 11] .
Three propagation patterns are considered:
• Normal sinus rhythm (SR): atrial tissue activated at 1.2 Hz.
• Simple AF propagation pattern (SAF): represented by a right-to-left dominant frequency gradient, with a single functional re-entry located in the right atria which rotates at 7.3 Hz. The rest of the atrial tissue is activated at 4.7 Hz. • Complex AF propagation pattern (CAF): with 25% of atrial cells under fibrotic conditions [6] and a single functional re-entry located near the right superior pulmonary vein (RSPV) at 6.8 Hz. The rest of the atrial tissue is activated at 5.4 Hz.
2.2.
Inverse Problem
Epicardial potentials are estimated using regularization methods with Tikhonov-based formulations. We assume the linear model y t = Ax t + where represents the model residuals. The objective is to estimate epicardial potentials x t from BSP, using matrix A. The Tikhonovbased methods analyzed in this work are the following.
Classical Tikhonov regularization (Tikh). It is usually employed in linear inverse problems to stabilize the solution by penalizing its complexity. To obtain the epicardial potentials x t at instant t, the functional to minimize is:
where y t is the vector containing the torso measurements, and λ 1 is the global regularization parameter, which is computed by using the L-Curve method for the totality of time instants [1] . The solution for this problem is:
L matrix can take the form of an identity matrix (zeroorder Tikhonov), Gradient operator (first-order Tikhonov) and Laplacian operator (second-order Tikhonov). Constrained Tikhonov regularization (Cons-Tikh). In this work, we propose to incorporate measurements near the endocardium as a constraint in the Tikhonov formulation. Measurementes near the endocardium are recorded using two 64-poles intracavitary catheters:
that forces the solution in the nodes indicated by diagonal matrix D to be similar (a controlled error is allowed) to the measured potentials x ref observed with a measurement matrix B. L matrix also indicates the order of the Tikhonov method. The closed-form solution for this formulation is: 
Performance metrics
To assess the performance of regularization methods, we propose several metrics, similarly to those proposed in [1, 13] . Similarity between real and estimatedx epicardial potentials is quantified by the relative difference measurement star (RDMS), Pearson's correlation coefficient (CC), and root mean squared error (RMSE). RDMS is computed as:
Results
Due to the low differences between clean and corrupted x ref signals, results are shown without additive noise. Figure 1 shows the performance of each tested method with SR, SAF and CAF models. Best results are obtained with first-order Cons-Tikh method. There are statistically significant differences between same-order Tikh and Cons-Tikh methods (p < 0.001) except for CC in zero-order Tikhonov-based methods. These differences are favourable to Cons-Tikh, with a great improvement in first and second-order methods, obtaining CC values of 0.9 for SR models, see Table 1 . Estimations were also improved for SAF and CAF models. Same conclusions are obtained for the rest of SNR values. Finally, differences between 1st-order and 2nd-order Cons-Tikh methods were not significant, while dispersion is higher in 2nd-order. of the methods were able to reconstruct correctly the epicardial potentials. However, estimations using Cons-Tikh were better than Tikh approaches. Figure 3 shows epicardial potentials maps obtained for each model with the best Tikh and Cons-Tikh assessed methods. First-order Cons-Tikh method outperformed Tikh formulation for every model. Propagation patterns were better estimated with Cons-Tikh, both in SR and SAF model. However, performance was degraded in CAF epicardial potentials estimation, and propagation patterns are not easy to distinguish.
Discussion and conclusions
In this work, we proposed a new Tikhonov-based regularization method taking into account a priori information in the inverse problem of ECGI, by incorporating a constraint on measurements near the endocardium. The proposed model improved estimation of epicardial potentials, mainly using first-order Cons-Tikh, which favours flat, constant solutions, and penalize gradients, being able to reproduce high frequency components in the solution. Therefore, avoiding the low-pass filtering behaviour of classical Tikhonov approach.
Computing time for Cons-Tikh is higher than in Tikh methods, due to the necessity of evaluate optimal values for two parameters instead of one. However, the number of evaluated values can be lowered if we study the range of optimal parameters for a higher number of models.
Regarding regularization parameters, L-Hypersurface gives a higher weight to intracardiac measurements, and lower to BSP, but differences between models and SNR (using the same order in Tikhonov formulations) were not significant. This result was expected, as a priori information are the same intracardiac measurements used to calculate the BSP that were corrupted lately to compute the inverse problem. Therefore, one limitation of this study is the idealist environment for the experiment, and it is necessary to validate this new methodology with data obtained from AF patients. Figure 3 . Comparison of real and estimated epicardial potential maps using zero-order Tikh and first-order Cons-Tikh methods, in SR, SAF and CAF models.
